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Abstract

Spherically symmetric relativistic spheres of perfect fluid are defined to be isotropic by
Walker’s (1935) isotropy condition. This condition permits the use of noncomoving
coordinate systems, which, it is argued, are preferable to comoving systems in certain
situations. It is assumed that these systems are such that the metric is orthogonal and
involves three unknown functions. These functions are obtained by solving the equation
expressing the isotropy condition in a number of cases defined by ancillary mathematical
assumptions. Formulas are given for the pressure, density, and velocity components of
the fluid, but the detailed physical analysis of the various cases found is reserved for a
subsequent papes.

1. Introduction

In recent years the problem of gravitational collapse has stimulated the search
for new solutions of Einstein’s equations of general relativity such as those
produced by Bonnor and Faulkes (1967), McVittie (1967), Whitrow and
Thompson (1967), and Cahill and Taub (1971) for spherically symmetric
distributions. It is almost always the case that the results are described in terms
of comoving coordinate systems. These systems have, of course, long been
employed in the cosmology of general relativity as well as in such early investi-
gations as those of McVittie (1933), Bondi (1947), and Kustaanheimo and
Quist (1948). They have the advantage of simplifying the mathematical analysis
to a great extent, and this property no doubt explains their popularity.
However, the principle of covariance implies that noncomoving systems may
equally well be used even if, as will be briefly indicated in Section 2, a comoving
system can always be established for any particular spherically symmetric
situation. But it cannot be guaranteed that a solution of Einstein’s equations
obtained in terms of elementary functions by the use of noncomoving coordinates
will still appear in a simple form when it is transformed to the appropriate
comoving system. An example of a similar property is found in the case of the
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122 McVITTIE AND WILTSHIRE

Schwarzschild space-time. The coefficients of its metric involve the elementary
functions (1 — 2m/r), (1 —2m/r)™", and r? in the usual coordinate system, but
the coefficients are converted to transcendental functions when Kruskal (1960)
coordinates are employed.

Consequently we have thought it worth while to examine the possibility
of solving Einstein’s equations in terms of noncomoving coordinates. The few
previous investigations of this kind are discussed in Section 3. We shall be
concerned in the present paper with the determination of solutions by making
purely mathematical simplifying assumptions. These do not of themselves
guarantee that the structure and properties of the fluid spheres obtained are
acceptable from the physical point of view. The physical interpretations of
our results will be given in a subsequent paper.

The configurations to be discussed will be assumed to be spherically
symmetric so that a general metric of the form

do® = e®Ndn? — e*dE? — r2dQ?

(1.1
dQ? =d6? +sin%0d¢?

may be employed. The functions A, y, r may depend both on the time
coordinate n and on the spatial coordinate £, but are always independent of
0 and ¢. Dimensions have been chosen so that the speed of light and the
Newtonian constant of gravitation have the value unity.

From equation (1.1) and with the coordinate identifications x* = ¢, x2 =4,
x® = ¢, and x* = the components of the covariant symmetric Einstein
tensor Gy, (2, b = 1,2,3,4) may be found. It is well known that the only non-
vanishing components for the above system are

Gi1, Gog = G33, G, G1a = Gy (1.2)
The Einstein field equations are
Gba = —87TTba (13)

where T? is the energy-momentum tensor.
It will be assumed that the distribution of material is a perfect fluid so that
the energy tensor takes the form

T," = (p +p)u‘up — 8, 14

where p and p are the density and pressure, respectively, and the velocity four-
vector u? (2 = 1,2,3,4) satisfies

uy, =1 (1.5

u?=0, ud=0 (1.6)
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so that the motion of the fluid is radial, and the components of the energy
tensor that do not vanish identically are

T,' =(p+pu'u; —p

L =T3’=—p

Ty = (p +p)u'us — p

T, = —**=07% = (p + pu'u,

1.7

2. The Isotropy Condition

From the simultaneous set of equations (1.7), p, p, #', and u* may be
eliminated with the result that

NI % + 24T, ~ i (T2~ TyH =0 2.1

This equation was first obtained by Walker (1935) and arises purely from the
assumptions that (i), the material is spherically symmetric and (ii), the material
is a perfect fluid. Hence equation (2.1) expresses the necessary and sufficient
condition that the metric (1.1) shall correspond to an isotropic system. [t is
for this reason that (2.1) will henceforth be called the isotropy condition.

It can easily be shown that this equation remains invariant under coordinate
transformations of the type

T =3¢, ), =T, n) 2.2

where the new radial variable X and the time variable I are independent of
@ and ¢.
With Einstein’s equations, (2.1) becomes

MG + (G2 — G (G2 - G =0 (2:3)

and this in turn can be converted into a single nonlinear differential equation
in terms of A, u, r and their first and second partial derivatives. One particular
solution of (2.3) is given by

G* =0=G,4, G =G,? 2.4)
and this, by (1.3) and (1.7), leads to
ut =0 (2.5)

Thus in general the coordinate system is comoving. A noncomoving system
occurs when the isotropy condition is solved with G;* # 0, G, # G,*

The alternative solution of (2.3) in which G;* =0, G,? ='G,* is rejected on
physical grounds because these statements lead to «* = 0 and thus (1.5)
becomes ulu; =1 or e*(u')? = —1. This produces imaginary values of .

The density, pressure, and velocity four-vector are obtainable from (1.7)
in the form

p=-T,% p=T + T = T,? (2.6)
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(> - T

G212 =
KR X W R

Q.7

(T - 1Y)
T - LY+ (T - 1Y)

In comoving coordinates these expressions reduce to p = —T52 p = T,4 u! =0,
and eMu*)? = 1.

62?\(u4)2 — (2.8)

3. Certain Methods of Solving Einstein’s Equations

Before Walker’s discovery of equation (2.3), equation (2.4) had often been
regarded as the isotropy condition as it was thought that the use of comoving
coordinates was not restrictive, However, as has been shown in Section 2, this
is only a particular solution of (2.3) and may under certain circumstances
represent a restriction on the physical system. That this can be so may be
indicated by analyzing a method of solution of Einstein’s equations for the
unknown functions A, , and 7 occurring in (1.1). The method, which has for
example been used by Bondi (1947), McVittie (1933), and Kustaanheimo and
Qvist (1948), involves two basic assumptions. Firstly, some condition is imposed
on the metric (1.1). For example Bondi assumes that A = 1 whilst the remaining
authors assume that isotropic coordinates exist so that

do? = ePgn? — eM(dE? + £%d07) 3.1

Conditions of this kind are by themselves not restrictive because the metrics
employed could be converted into the form (1.1) by a coordinate transformation
of type (2.2). However, when the second basic assumption, namely, comoving
coordinates, is also introduced a restriction on the physical situation may occur.
In the case of (3.1), for example, the equations {2.4) can be shown to yield the
two equations
g =N =0 G.2)

and

pOANT NP - 2N - ) E=0 (3.3)

where the prime and the dot used here and elsewhere will represent partial
derivatives with respect to £ and 7, respectively. These two coupled second-
order partial differential equations may be solved exactly up to undetermined
constants of integration for the two functions X and u. The constants can be
found by introducing boundary conditions. Consequently isotropic coordinates
plus a comoving frame of reference are sufficient to determine A and u and
therefore density and pressure also from (2.6). Thus the two assumptions are
sufficient to determine the physical structure of the configuration. This may
not be realistic for a given problem as has been pointed out by Noerdlinger and
Petrosian (1971).

In the case of Bondi (1947), when A = 1 and a comoving frame of reference
are used the two differential equations corresponding to (2.4) would involve
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p and r and their partial derivatives with respect to & and n. Again a restrictive
physical structure may result.

In order to remove this type of restriction it is necessary to remove at least
one of the coordinate restrictions. Hence more general solutions of Einstein’s
equations could be found in theory by considering either, (i) 2 comoving frame
of reference with a metric unspecified in form, or (ii) a general frame of
reference with a metric specified in form, or (iii) both an unspecified frame
and metric.

The first alternative results in two differential equations for the three unknown
functions A, u, #in (1.1) caused by G;* = 0 and G;! = G,% Whitrow and
Thompson (1967) have found gravitational potentials corresponding to this
system but they needed to introduce additional assumptions in order to obtain
analytic solutions. The third alternative insists on a degree of generality that
is unnecessary. This is so since in theory a transformation of coordinates can
be found that either changes the general frame into a comoving one [alternative
()] or changes the general metric into one of specified form, for example
isotropic coordinates [alternative (ii)].

It is the second alternative that we have adopted. In this case the metric can
be chosen so as to simplify the isotropy condition {2.3), which will be treated
in its full form. As with the comoving solutions dealt with by Whitrow and
Thompson (1967) additional assumptions will be introduced in order to simplify
the mathematical analysis, and these will be sufficient to determine the
physical structure of the system.

The conditions (ii) and (iii) may be converted into (i}, in other words,
comoving coordinates are always possible. Suppose that (1.1) is the expression
for the metric in terms of a noncomoving system and that

zZ=Z(,n), =1, n) B.4)

are the radial and time coordinates of a comoving system, Then with the
identifications T=x!, I=%% t=xl, n=x*,0=x2 =52, ¢=x>=X°, the
metric (1.1) can be orthogonally transformed into
eM32n? 20 H)gs2
"I T2 _ 2232“)—(2'%2}‘ 3274 -

dg? r2dQ°? (3.5)

where the coefficients of d112,d2?, and d2? must now be expressed as functions
of Z and II. The condition expressing orthogonality is

T — A2 =0 (3.6)
and moreover it must be assumed that
T2 32 > (3.7

in (3.5), s0 as not to violate the condition that 2 is spacelike and II is time-
like. In the comoving I1, T system the velocity four-vector is #* and only at
is nonzero. But #! is related to u?, u! of the noncomoving system by

B =0=3! + 2t (3.8)
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The two equations (3.6) and (3.8) determine the transformation functions Z
and II that transform the noncomoving system into its comoving counterpart.
An alternative to (3.8) is obtained by multiplying it by 8n(o + p)u; and using
(1.7) and (1.3) to give

2G14 — Z,(G22 — Gll) = () (39)

Previous investigations in which the isotropy condition is treated in its full
form apparently begin with the solutions obtained by Narlikar and Moghe
(1935a, b) using an isotropic coordinate system, but they were not analyzed.
Moghe and Sastry (1936) used noncomoving frames to consider “What happens
to the Schwarzschild interior solution when it becomes nonstatic owing to
some instability.” The result of their investigation is a solution that is apparently
only expressible in terms of a very complicated series. For many years after
1936 no published literature was identified until the recent work of Vaidya
(1968). In this case the metric is written down in terms of curvature coordinates
[r=¢in (1.1)]. The main characteristic of this class of solution is that the mass
of the configuration is equal to 47/3 times the density multiplied by the radius
cubed. Moreover, it is found that a subclass contains the noncomoving equivalent
of the comoving Robertson-Walker metrics for a homogeneous universe.

4. The Isotropy Condition for a Metric of Specified Form

To obtain solutions of the isotropy condition it will be assumed here that
the spherically symmetric metric takes the form

do? = e dn? — e(dE? + 207 4.1

where fis a function of £ alone and A, i are functions of both £ and .
The nonvanishing components of the Einstein tensor for this metric can be
shown to be

Gyt = —e M 241 + 3% — 2}

2
+e“2“[“,2 +2?\'M'+—f(u +U+ff2 flf}ﬂ\ 2

Gy = —e™ 20 +30% — 2\ }

1"
+e”2“{u"+?\”+?\'2+ “(u +?\)+{»}+A (4.3)

— =2
G44 =_3p 2?\p

4.4)

o " ¥)
+e..w{2#,,+ o AW 2 f 1}+A

FrTRTR
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Gyt = —eG =20 - N (4.5)

where x = 0x/9n, x' = 0x/3%, and A is the cosmical constant.
From (4.2)-(4.5) it is convenient to form the following quantities:

G,? — Gl =K, (4.6)
Gy? — Gt = 26K 4 — 7K, “.7)
Gyt = G, = 2K, 4.8)
where
Kl = I.l” + 7\[/ + )\/2 . ul2 R 27\/“1
PN A A
— A e s 4.9
f(u ) ot E (4.9)
Kz ZH” . )\n +l-{!2 N 7\12 '*';;(3{1’ _ ?&/)
fn' frz 1
A .S 4.10
for (410)
Ky=i =N, Kq=f- i (4.11)
Thus from (4.6)-(4.8) the isotropy condition (2.4) may be written as
W NUR? _ 2K Ky} — K K, =0 (4.12)

In addition from Einstein’s equations and (4.6)-(4.8}) the density, pressure,
and nonvanishing components of the velocity four-vector given by (2.6}, (2.10),
and (2.11) become

8p = G52, 81p =¢ #K; — G,*
“2pr 2
e Kl
2U0, N2 =
e ) _4e‘27\K32 _ K2 (4.13)
46“2?\[( 2
ez}‘(u“)z - 3

43_2hK32 - 6”2MK12

The noncomoving condition, from (4.6) and (4.8), is satisfied when Ky #0
and K3+ 0 for all values of £ and 7.

5. Method of Solution of the Isotropy Condition

Since the isotropy condition (4.12) is a second-order, nonlinear, partial
differential equation of two variables £ and % and three unknown functions
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A, 4, £, it is necessary to introduce a number of assumptions, so that it may
be solved uniquely up to constants of integration. As has been stated in Section
1, this will be achieved by introducing purely mathematical assumptions. In
presenting solutions of the equation, many different constants of integration
will arise. The letters n, NV, 4, B (with or without numerical subscripts) are
reserved for such constants. Any other constants will be denoted by the letters
a, b (with or without numerical subscripts) &, > 0, ny > 0, and k. Whilst g,
b, &y, Mg are arbitrary constants, & has special values given by 1,0, —1. On certain
occasions the same letter may be used in different solutions. It is taken for
granted that this letter may assume a different significance in each solution.
Finally, whenever a letter is used as a subscript it will (unless otherwise stated)
refer to a total derivative with respect to that subscript, thus 8, = df/dz.

The first mathematical assumption concerns the nature of the line element
(4.1). It will be supposed that the functions A and u have the form

A=a+ W, pu=pg+y (5.1)

where «, § are functions of a single variable z which is dependent on both £
and n. In addition ¥ and  are functions of 5 alone. The metric (4.1) thus
becomes

do? = 2@+ Vgn? _ 2B+ V(g2 + £2402) (5.2)
If now (5.1) is substituted into expreéssions (4.11) then K3 and K, become
K3 =22'(Bor — 0uB,) + 8,2 — 0,2V (5.3)
and
Ko =27z — 0oBs) + B2 — U2y + - apz — ¥ (5.4)

Inspection of (5.3) and (5.4) shows that they will simplify if ¥ = az is .
imposed. Since ¥ is a function of 1 alone, then by this restriction so too is z.
Thus z' = 0 and

z2(§,m) = h(§) +2(n) (5.5)

where £ is an arbitrary function of £ and g is an arbitrary function of 7.
Therefore Y = ag and vpon integration

VY =ag (5.6

since the constant of integration may be incorporated in the arbitrary function
g(m). Consequently with these conditions and equations (5.3), (5.4), (4.9),
(4.10) the expressions for K; to K4 now become

Kl = hlz(azz + Bzz + 0‘22 - 622 - 20&262)

. flhl f" f12 1
"'(h “?)(az+ﬁz)+ ?_?2+f'—2 (5.7
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K; = h}z(ﬁzz — 0y, t {322 - azz) + h"(ﬁz - az)
1y 7 " 172
' oo

+ —]7—(352*“C¥z)“P AN (5.8)
Ky= hlg.'(ﬁzz - B, — aa,) (5.9)
K, =g-2($8zz ~af, —aoy)+ (B, +a) (g“ g\IJ} (5.10)

Inspection of these four relations shows that they will simplify if the
following equations hold. Firstly,

" 2
%w%+1712=0 (5.11)
secondly,
/- ﬁ=bh’2 (5.12)
f
and lastly
h'=bh'? +b, (5.13)

With these restrictions, and the introduction of K5, which is a function of z,
through

KS = ﬁzz = Qyy + ﬁzz - O‘zz - bﬁz (514)
equations (5.7) and (5.8) become
Ky =h" oy, + B + 0 — B — 20,8, + bl +B2)} (5.15)

and
Ky =h"*{Ks + 2by — b) (2B, — a)} + 2{b,(2B, — o) + " [f} (5.16)

Therefore if equations (5.1), (5.6), (5.9), (5.10), and (5.14)~(5.16) are
substituted into (4.12) it is found that the isotropy condition takes the form
%P E T E @, — ayf, — aog) (Ks — (20 + Do)
— K; 27C T BB, 4 a) (¢~ g ) +2[b2(26; — 00) +f11f]
+h'?[Ks + (2by — b) (28, — ;)] } =0 (5.17)
It is this form of the isotropy condition that will provide solutions later.
Since (5.17) is to be solved subject to the noncomoving coordinate condition,
it follows that K; and K3 must in general be nonvanishing. A helpful relation

for showing this may be obtained from equations (5.9), (5.14), and (5.15),
namely,

2h'Ky — gKy = gh'* {Ks-(2a + b)a, } (5.18)
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Many of the subsequent solutions satisfy the condition K5 — (24 + b)a, =0;
for these it is only necessary to calculate one of K; and Kj to verify the non-
comoving character of a solution.

In order to solve equations (5.11)-(5.13) simultaneously it is convenient
to define a function S(x) given by

& pfx) =sinx, k=+1
=X, k=0 (5.19)
=sinh x, k=-1
If, further, €, (x) is defined by
d€lx
Frlx) = ;}f ) (5.20)
and it is easily proved that
d* i (x) _dEilx)
= =k
o Ix %(x)
o)+ kS P =1 (3.21)

G(2x)=2%:2(x) — k
2 Frx) Ee(x) = Fn(2x)

Equation (5.11) has as its first integral
£ =1 kni?f?

where n; # 0. The three values of ¥ mean that there are three types of solution
for f, which can be written compactly in the form

= (/ny) Lyt +ny)
When the metric (5.2) is inspected, the requirements of the geometry of a
sphere show that f=0 at £ = 0. This means that n, =0 and so

f=(1/n) $r(n§) (5.22)

The expression for 2 will now be determined by considering two cases defined
by by =0 and b; #0.

Cuse . When by =0 the solution of (5.13) is
ho=byt? + N+ N, (5.23)

Therefore when (5.22) and (5.23) are substituted in (5.12) it follows that

Cr(mi)

by — ny(by§ + Ny) m

= b(by + M)
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which must be true for all £ Thus the only possibility isk=0,b =0, M =0.
Hence the complete solution is

=% h=bE2+ N,

k=0, b=0, by =0 (5:24)
Case II. Since now by 5 0, the substitution
h=—(1/b)InH (5.25)
where H is a function of £, reduces (5.13) to
H'" +bbyH=0
This leads to the solution
H=N, S (b3x) (5.26)
where
x=§+N, (5.27)
and
kbs? = b by, k=1,-1 whenb,#0
b33= 1, o k=0 when bz =0 (5:28)
Equations (5.25) and (5.26) together lead to
= —(1/b1)In{N; S (b3x)} (5.29)

In order to show that (5.29) satisfies (5.12), two subcases will be considered and
these are defined by k=0 and k = =1.

Subcase II{i). When k=0, then b, =0,b5 =1 by (5.28) and

=k h=—(1/by)In(Nsx) (5.30)
Also with the aid of (5.30), equation (5.12) becomes the identity
1 b-b 1
_ = S 5.31
3 by EtN, G20

which is satisfied only when A, = 0 and b =25, # 0. Therefore, the complete
solution for fand 4 in this subcase is

=% h = —(1/b1)In(Ns¢)

5.32
b=2b; #+0, b, =0, k=0 (532)

Subcase 1Ifii). This subcase is defined by the first of alternatives (5.28) so
that b, # 0, kb2 = byb,, k = 1. Thus we have

1 1
== Fu(md), h = ——In{N; Fi(b3x)} (5.33)
ny by
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where x = £ + N, and so (5.12) becomes the identity
g EH1D)_bs BEB) — 1)
FLr(mE) by Grbsx) Li(bsx)
or with the aid of (5.21)
n, @g_@ 5,132 b%r(2bs3x) + b — 2by
L) by S (2b3x)

This identity is satisfied by b = 2b,, N; = 0, ny = 2b3, and so for this case the
full solution for fand A is

f=Lgmy,  h= —‘]"lﬂ{Na %(’31—5)}
ny b]

2 (5.34)

b=2b; #0, kny? = 4b.b,, k==l
The functions £ and 4 have thus been found and it is then possible to proceed
to the solutions of the isotropy condition (5.17).
6. Solutions A

In this section all solutions presented are defined by the conditions of case
Iin Section 5 so that equation (5.24) holds. Thus the metric (5.2) with (5.6)
and (5.24) becomes

do? = ez(amy)dnz n ez(ﬁ+ag)(dg’2 + Szdﬂz) 6.1)
and the isotropy condition (5.17) is now
W2~ ® =R, — a.f, — aay) {Ks — 2aa,}
K {228 et =V g 4 gy (¢ — g0 + 2b,(28, — 0;) +H'2K5} =0

(6.2)
where K, K, given by (5.15) and (5.14), are
Ky =h'"{ay; + B,z + o — B — 20,8} (6.3)
K5 =0 — 0z 487 — (6.4)
The expression for z is given by (5.5) with (5.24), and so
2=DbyE[2+ N, +g(n) (6.5)

The foregoing expressions lead to the following subcases.
Class A{i). A class of solutions may be defined through the assumptions
a=0, a=g, B, — B2 #0 (6.6)
Thus frdm (6.3) and (6.4)
Ky =206, — B.7), Ks =0 (6.7)
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and so the isotropy condition (6.2) is satisfied by

eV (E - g¥)+by, =0 (6.8)
The corresponding line element (6.1) is
do? = e*{e*¥an? — (d* + £%dQ%)} (6.9)
If a new time variable 7 is introduced through
n= J‘e\y(”)dn (6.10)
the equation (6.8) becomes
d’%
) +by =0
whence, without loss in generality,
g=~bafi*[2 ~ Ny (6.11)

Hence from (6.5) with (6.10) and (6.11) the expression for z is
z=b (§* —7%)2
Thus if a new constant is defined by
eltg” = by/2, e=z]

and the bars are omitted, the metric (6.9) with (6.10) is conformally Minkowskian
so that

dao* = Pan® — ag* — £2aQ%) (6.12)

z=e® — 0?5’ (6.13)

and f§ is an undetermined function of z.
Solutions of this kind imply that the coordinate system is noncomoving,
since by equations (5.18), (5.24), (6.6), and (6.7)

28Ky = - Ky = —8nE(B,; — B,°)/%0” (6.14)
and thus K; # 0, K3 # 0.

Class Afii). This solution follows from the four independent assumptions

¥ =0, 28, —a, =0, Ks =0, a=0 (6.15)
which clearly satisfy (6.2). The first equation leads to
eV = ny (6.16)

while the second and third with (6.4) yield
& =Bz +4)'P3 (6.17)
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e =Bz + A4)*P (6.18)

where 4, B, B; are the constants of integration. Thus with equations (6.15)-
(6.18) the metric (6.1) becomes

do? = (z + A)*P(nyB2dg)? — (z + AYPBHdE? + %0  (6.19)
This expression may be simplified by the introduction of a new time variable
7 and a radial coordinate ¢ defined by
n3By’dg = ed, Be=% (6.20)

where € = 1. Integration of the first of these equations with a particular
choice of constant of integration yields
g=enlnB® - N, — 4
and so with (6.5) and (6.20) the expression for Z=z + 4 is now
bg?  en
Z=Ez+4= il + _722
2B*  n3bBy

Since b, may be positive or negative, it is possible to define two new constants
£, Mo by

€1 _ bz _ - 2
.é:g‘@? t’:‘}‘il, 7?@‘”381 >0
Then the bars may be omitted and the metric written as
do? = z%3%an? — 223(dg? + £2d07) (6.21)
z= 88 — enlno (6.22)

This solution may be shown to be noncomoving from equations (4.1), (4.11),
(4.9), (6.21), (6.22) with the result that

4e1mg 40>
K =12 =_— (6.23)
! €ko? S92

and so in general K; and Kj are nonzero.

7. Solutions B

The defining equations for these solutions are given by (5.32) with the addi-
tional assumption that b; = —1. Moreover, since it is always possible to redefine
the radial coordinate £ by £ = Na, it is not restrictive to take Ny = 1 and so the
equations (5.32) are now

r= h=Ing, k=0

b=-2, by=—1, b,=0 7-1)
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and the metric (5.2) with (5.6) and (7.1) will now be written
do? = 62[a+\y(ﬁ)]dﬁ2 _ o2+ 2ag(ﬁ)(dgz + Ede2) (7.2)
and hence with (7.1) and g = dg/dn the isotropy condition (5.17) becomes
28720 ING,, — 0, — a0,) (K5 - 200 - Dag)

~ (KT v a) § - g+ K30 (13)
The expressions for Kj, K5 given by (5.15) and (5.14) are now
E2Ky = gy + B @ — B — 20,8, — 2a; +B) (7.4}
Ks =B,z — oz +87 — o + 26, (7.5)
while from (5.5) and (7.1) the expression for z is
& = ge8M (7.6)

A further condition relating the functions g() and ¥{%) will now be
imposed, namely,

12208~ 0) = 28

gle
Therefore,

ézeZg(a - 1) = 62\11
and .7

@ - £0)2@ V) = (g - 1)e*

Hence, upon multiplication by £ it is found that

252,2(ag ~ ¥) - 22

e ¢ (7.8)

B - g0’ @Y = (g - 1)
This means that the isotropy condition (7.3) with (7.4) and (7.5) now becomes
2026~ D(B,, — 0., — a0 )Be, —az + B
—? + 28, — 2@ - Day} — {0z + 6z + 0,7 — 7
— 20,8, — 20, +B)} Bz — 0z + 6,7
—a? +28, —2a— 1) (B, +a)e?B~**Iy=0 (7.9)

This equation therefore involves only the combination z, of £ and 7. It is in
fact a generalization of equation (4) of Narlikar and Moghe (1935b).
The line element (7.2) with (7.7) is now

do? = 2@ 20— D(eggy? _ 2% 23852 4+ £202) (7.10)
where € = 1, —1. New variables (1, w) are defined by

eg(m) =n, w =1n§ {(7.11)
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Hence (7.10) may be written in the form
do? = 2@ = Den (20502 2027052 + Q2 (7.12)

z=1ngef@ =ng +en=w +en (7.13)

The form of the metric (7.12), which is also employed by Taub (1968}, is
best regarded as a mathematical device, since from the physical point of view
the variable w does not present the normal properties of a radial coordinate.
For example, the center of the distribution £ = 0 does not correspond to w =0
but rather to w = ~co, Therefore, in any analysis of solutions of (7.9) the (¢, 1)
system should be ultimately regarded as the physically significant system.
Inspection of the equation (7.9) shows that its left-hand side consists of the
product of two factors when 4 = 1. Either of the factors may be equated to
zero, and both possibilities have been found to produce solutions. However,
the complete analysis is lengthy and, for the sake of brevity, these solutions
are omitted and will be treated in a later paper.
A simpler class of solutions of (7.9) arises from the assumption

B—a+tz=a (7.14)
where g is a constant. The metric (7.12) becomes
d02 — 62(‘3+ z)+ 2e(a — I)Tg(e-Zaedn2 - d(;)2 _ dﬂz) (715)
while (7.5) is
KS = __1 (7.]6)
The isotropy condition (7.9) is
2{1 +&*(1 —da +2a%)}B,, +2(e*® — 1)B,2
+4(ae?% — 1)B, +24%€* —1=0 (7.17)

It is evident that this equation cannot be satisfied if ¢ = 1 and also a5 = 0. But
the equation may be readily solved in terms of elementary functions in the
three subcases

(i) 4 =0
(i) @ #0and1+e*(1 —4a+2d*)#0
(ili) @ #0and 1+ e?*®(1 —4a +24%)=0
As an illustration, the details for the g, = 0 case are given.
The solution of (7.17) is
28+ 2) :Ae""o/Le(z‘*‘no)/L +B(z +ny)/L
Z+ng=wtentng (7.18)

where A, ng are the constants of integration and B, L, and an additional
constant C, depend on ¢ and are defined by

L=1-qg B=%(1+2L?%, C=3(1-2L% (7.19)
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Clearly, ny can be abolished by a suitable adjustment of the origin of 7 time
and hence can be equated to zero in (7.18). Thus the metric (7.15) is

do? = exp(de™t + Bz/L — 2Len) (dn? — dw? — dQ?)

z=wten (7.20)

From equations (7.4), (5.9), (7.1), (7.11), and (7.18) it is found that
£2K; = —(12L) {4e”* - C}? (7.21)
£Ky = —(e/4L?){de™" — C}{4e*" — B} (7.22)

which verify that the solution is noncomoving.

8. Solutions C

The defining equations for this solution are given by (5.34), with the
additional assumption that by = —1. Therefore, equations (5.34) with the
expression for e” are now

r=(/n) S(md), h=1In{N; Fr(niE/2)}
b=-2, by = —1, k=t1, kn? =—4b,  (8.1)
e = MO+ EM = N K, (n,£/2)e8D

where & x(x) is defined by (5.19). Hence the metric (5.2), with (5.6) and
(8.1), is

da? = 2@+ ¥gn? _ (1/n2)e P8 (5,2q82 + L2, £)d0Q?)  (8.2)
and the isotropy condition (5.17) becomes
2h128.'2€2(6 Cata- \P)(ﬁzz - asz - aaz){KS - 2(‘1 - l)az}

~ Ky {2e¥B ez =g 40y (5 gl)+ KK
+ 2[b2(2ﬁz - az) - I’Z12k] } =0

(8.3)

where g = dg/dn. The expressions for K5 and K; from (5.14) and (5.15) are
Ks =8,; —ag, + ﬁzz - azz + 26, (8.4)
K = h’z{azz 0.+ azz - }322 —2a,B; — 2(a; +B)} (8.5)

A solution of (8.3) can be obtained with the following additional assump-
tions:

g-g¥=0, a=1,K; =0, by(28, — ) —n’k=0  (8.6)
From the first of these we have

¥ = nag (8.7)

o
1
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while the last with kn,* = —4b, leads to

28, —a, +4=0 (8.8)
so that from (8.4) the assumption K5 = 0 yields
e = nte (1 + 4 F)H? (8.9)
and so
e = n?(1 + Ae 293 (8.10)

The constant A may be positive or negative. On substitution of (8.7, (8.9),
and (8.10) into (8.2) it is evident that no generality is lost in writing

g +lnny = enfny, e=1]
o = N3Ms, m =1, Ny =ng
and so the metric finally becomes
do® = (1 + A Pdn? — 2o ~%5(1 + Ae™) [dE? + P2 (£)d]
¢ = S i(g2)e ®10)

If (5.18) is now evaluated and equations (8.1), (8.5), (8.8)-(8.10) are also
used, then it can be shown that

gK, = 20'K; = —10R"g(8, + 2)?
10e €2(¢/2) A% (8.12)

Iy Fi2(E/2)(1 + Ae)?
hence verifying that this solution is noncomoving.

9. Solution by Separation of Variables

The method of solution of the isotropy condition to be presented here is
unrelated to any of the methods previously employed. It will now be assumed
that the metric is

do? =@+ Vg2 - 2B V(g2 + £790%) ©@.1)

where o, § and f are functions of £ alone while ¥,  are functions of 1 only.
With these conditions (4.9)-(4.11) become

! " i)
Ky =g +a’ +o? g7 *2"‘"3'—{;(&’ +ﬁ')+ff _% *,% ©2)
¥4 1t £ 4 ' ? 7 ! ,2 1
K=f —a +52—a2+1f7(3s —a)+§~~%-—f—2 ©.3)

K=—dy, K=y 4¥ ©.4)
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where x =dx/dn, y' =dy/dt. Therefore, the isotropy condition (4.12) may be
written as

G-V DU ) - 20 - PBK - KKy =0 ©9.5)
This equation will be solved by means of the assumption that
Ky =2a0'? (9.6)

where 4 is a nonzero constant. Substitution of (9.6) into (9.5) turns the isotropy
condition into

AV "I gl + ¥} = (aKy[2)e?@ P ©.7)

Since the left-hand side of (9.7) depends only on the variable n and the
right-hand side on £, the equation is separable as follows:

U2 —ay +ay¥ = (k/pH)e* ¥~V (9.8)

= (2k/p?)e? 6~ (9.9)

where b is an arbitrary constant, and k=1 or —1.
The equation (9.9) is identically satisfied by

f=a—Inf, 2k/b?: = —a (9.10)
and then (9.2) and (9.6) yield
20" —2a+ D2+ 2 f+f2=0 (9.11)

Hence the condition of isotropy is satisfied, and the coefficients of the metric
are determined, by any simultaneous solutions of equations (9.11) and (9.8)
under the conditions (9.10). To reach these, it is convenient to replace £, n by
w, T where
dw 1 dr
& f(®) dn
and then (9.11), (9.8) become, respectively,

=exp{¥(n) — ¥(n)} (9.12)

X ~(0£+1)01w2 +7=0 9.13)

1!

— @+ D/a] ¥ -1
where a,, =dofdw, Y, = a’gb/dT. The metric (9.1) is now
do? =2 V)gr? _ go? — d0?)

=26V F2r? — g8t - £20%) (9.15)

where fis an arbitrary function of .
Clearly, when a = —1, the equations (9.13) and (9.14) yield

e‘“‘\l/ :Ale("2 ‘wz)/2’

(9.14)

A = const
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with suitable definitions of the origins of w and 7. On the other hand, if
a + 1 # 0, the functions cwand ¥ are interlocking hyperbolic or trigonometric
functions of w and 7, respectively.

Since, by (9.6) and (9.4),

dw

2
K = 2”%2 (E) > Ky =—ay ¥,

dwdrt

d¢ dn

it follows that neither K; nor K3 can vanish identically. Therefore, all cases
considered in this section are noncomoving.
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